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Abstract 

It is proved that the action for nonlinear Beltrami equation (quasi- 
classical <9-problem) evaluated on its solution gives a r-function for dis- 
persionless KP hierarchy. Infinitesimal transformations of r-function 
corresponding to variations of <9-data are found. Determinant equa- 
tions for the function generating these transformations are derived. 
They represent a dispersionless analogue of singular manifold (Schwar- 
zian) KP equations. Dispersionless 2DTL hierarchy is also considered. 

1 Introduction 

Dispersionless integrable hierarchies attracted a considerable interest during 
the last ten years (see e.g. ^-^3]). Recently it became clear that they 
play an important role in various problems of hydrodynamics and complex 
analysis |Q|-|2X|- 

Dispersionless integrable hierarchies can be described in different forms 
within different approaches. In the papers |22U23ll2"l] it was shown that such 
hierarchies can be introduced starting with the nonlinear Beltrami equation 
(quasi-classical 5-problem) 

S s = W(z,z,S z ), (1) 

where z £ C, bar means complex conjugation, S z = 9S< q^ , S s = 9Si Q^ , and 
W (quasi-classical <9-data) is an analytic function of S z . Applying the quasi- 
classical 9-dressing method based on equation Q , one can get dispersionless 
integrable hierarchies and the corresponding addition formulae in a very 
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regular and simple way. Such an approach reveals also the connection of 
dispersionless hierarchies with the quasi-conformal mappings on the plane. 

In the present paper we demonstrate that the quasi-classical <9-dressing 
method based on equation (JIJ) leads to explicit formula for the r-function 
for dispersionless hierarchies, which is connected with the Lagrangian for 
equation © and the corresponding action, evaluated on the solution of the 
boundary problem for this equation. We will also derive determinant form 
of the generating equations for the function S z , defining infinitesimal defor- 
mations of the r-function. In this paper we concentrate on the dispersionless 
Kadomtsev-Petviashvili (dKP) hierarchy, but we present also the basic for- 
mulae for the dispersionless 2DTL hierarchy. 

2 r-function as an action for nonlinear Beltrami 
equation 

It was shown in |221 12,'jj that the dKP hierarchy is connected with Bel- 
trami equation Q with the <9-data equal to zero outside the unit disc. This 
problem can be formulated as a boundary problem for equation (J^) in the 
unit disc as follows. Let the function Sq(z) analytic in the unit disc D be 
given. The problem is to find the function S = Sq + S, satisfying ([T|). with 
S analytic outside the unit disc and decreasing at infinity (this is in fact 
a boundary condition on the unit circle, which can be written down using 
standard projection operator). We suggest that the function W is of the 
form 



where w p (z,z) are arbitrary smooth functions in the unit disc vanishing on 
the boundary. 

Introducing parameterization of the function Sq(z) in terms of times, 
So(z) = Y^=itnZ n -, and using the technique of quasi-classical 9-dressing 
method, it is possible to demonstrate that S(z,t) is a solution of Hamilton- 
Jacobi equations for dKP hierarchy, and the first coefficient of expansion of 
S(z, t) as z — > oo satisfies equations of dKP hierarchy (see [2"2" 1 E ffi l2"il l2"7] ) . 

Here we establish a relation between the action for the problem Q and 
the r-function for dKP hierarchy. This relation illustrates a well-known 
observation that a transition from dispersionfull to dispersionless hierarchies 
resembles a transition from quantum mechanics to classical mechanics. 



oo 




(2) 



p=0 
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It was noted in [21] that equation Q| is a Lagrangian one. It can be 
obtained by variation of the action (for the boundary problem in the unit 
disc) 

f = -^[JJ D (\s*Sz - W-!(z, z, S z )^j dz A dz, (3) 

where 

00 (S ) p+1 

W-\{z,z,S z ) =y^w p (z,z) z d v W-i(z,z,r]) = W(z,z,r]). 

One should consider independent variations of S, possessing required an- 
alytic properties (analytic outside the unit circle, decreasing at infinity), 
keeping Sq fixed. 

Proposition 1 The function 

F{t) = ~^Ti jj D Q^-(t)S,(t) - z, S z (t))\ dz A dz, (4) 

i.e., the action 0) evaluated on the solution of the problem £7J) ; is a r- 
function of dKP hierarchy. 

Proof In order to prove that F(t) is a r-function of dKP hierarchy, it is 
sufficient to demonstrate that (see, e.g., |27] ) 

S(z,t) = -D(z)F(t), 

where D(z) is the quasiclassical vertex operator, D(z) = X^Li ^^r^~) 
\z\ > 1. Applying the operator D{z) to the r.h.s. of formula (JIJ, one gets 
(we change the variable of integration to y) 

D(z)W-i(y,y, S y (t)) = SyD{z){S y + Soy). 

Using the formula 

D(z)S 0y = , 

z-y 

we get 

^- JJ^ SyD{z)S 0y dy A dy = ~ j> j^S(y)dy = -S(z). 
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Thus we have obtained the crucial term for our proof, and now we should 
demonstrate that the combination of all other terms, namely, 



1 
47ri 



D 



(S y D(z)Sy - SyD(z)S y )dy A dy 



is equal to zero. Indeed, using Green's formula and taking into account 

that Sy is equal to zero on the unit circle, and the function S(y) is analytic 

outside the unit circle and decreases at infinity, we immediately come to the 

conclusion that this combination is equal to zero. QED 

Remark 1. Note that integral formulae for the r- function of different type 

has been derived also in [8| 120] . 

Remark 2. Let us consider also the integral 



F ^ = -ikJJ D &' {t)s ' lt) - w - 



(z,z,S z (t))\ dz Adz. (5) 



Since 8Sq = for z £ D, using Green's formula, one obtains 

F s = F + ^ j> dzS(z)S 0z . 

Taking into account the relation S(z) = —D(z)F, one gets 

F S = F--Yt n ^. (6) 
2 ^ dt n y ' 

The dKP hierarchy and addition formula for F admits scale invariance 

F(t) -> F'(Xt) = \ 2 F(t). 

A full infinitesimal variation of F under this transformation is 



S S F = 5 {orm F + 5 t F = -2eF, 

where Sf OTm F denotes a variation of the form of F, while 5tF stands for the 
variation due to the infinitesimal variation of times t. In virtue of ©, one 
has 5{ oj:m F = 2eF s . In the particular case W(z,z,S z ) = fi(z,z)S z we have 
F s = and thus F is a homogeneous function of times of the second order. 
Such a class of r-functions has been considered within different approaches 
in |14l l7]. Starting with linear Beltrami equation, we obtain only a subclass 
of r-functions, which are quadraic with respect to times. 
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It is well known that dKP r-function F obeys the dispersionless addition 
formula [71 ITT] 

(zi - Z2 )e D ^ D ^ F + (z 2 - Z3 )e D ^ D ^ F + (z 3 - Zl)e D(z 3 )D( Zl )F = 0> (7) 

^1,^2,^3 e C\Z>. 

The formula (jlj) gives a solution to this equation in terms of solution of 
nonlinear Beltrami equation (JJJ). 

3 Variations of the r-function 

The function W is the d data for the dKP hierarchy. Its variations provide 
us with a wide class of variations of the function F. For the functions W of 
the form (J2J, varying w n (z,z), one has 

OO OO j- 

5W = Y J Sw n (z, z) (S z ) n , SW-! = E ^TT C^)™"' > 

n=l n=l 



and 



' ' T^T / j (*ir_j )(.:.. A,/:. (8) 



2vri 



Considering elementary variation 5u; no = ea„ 5(z — zo), = 0,n / no, 
one gets 



2vri (n + 1) V 7 1 V 7 



and, respectively, 



6S = ~^wtT) D(z) ( 5 *(*))" 0+1 • ( 10 ) 

Taking superposition of elementary variations Q , we obtain a general vari- 
ation of the form 

5F = ef(S z (z )), (11) 

where / is an arbitrary analytic function (summation over different points 
and integration over zq are also possible). 

The formulae (|1U|). © can be also derived considering the deformations 
of nonlinear Beltrami equation l[TJl. 
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Remark 3. Since a variation of the <9-data W transforms solution of the 
dKP hierarchy into another solution, then the formula (jllj) defines an in- 
finitesimal symmetry transformation for the function F satisfying equation 
( [7| . It is possible to prove this statement directly starting with the formula 

P (z )-p(z)+zexp(-D{z)S(z )) = 0, zq € C, z £ C \ D. (12) 
Derivation of this formula can be found in, e.g., |27| . 

3.1 Determinant form of equation for 

Existence of symmetry transformation of the form (flip leads us directly 
to equation for the function = S z (zq). Indeed, let us consider a special 
symmetry transformation (|llj) of the form 

F' = F + eexp(90), 

where is an arbitrary parameter, and substitute it to (JZJ). Then we get a 
system of linear equations 

x + y + z = 0, 

{D 2 Dz4>)x + (D^^y + {p x D 2 (j,)z = 0, 
(D 2 <f>)(D 3 <f>)x + [Dx^D^y + (D 1 cP)(D 2 <j ) )z = 0, 

where we use notations Di = D{zi) and 

x = (z 2 -z 3 )e D ^ F , y = (z 3 - Zl )e D ^ F , z = (z, - z 2 )e D ^ F . 

The condition that determinant of this system is equal to zero gives the 
equation for the function (ft, ((pi = Di<p) 

/ 1 1 1 \ 

det 0203 0103 0102 = 0. (13) 
\ 023 013 012 / 

Expanding the l.h.s. of this equation into powers of parameters z7 , z^ 1 , 
z% , in the order z^z^z^ one gets the equation 




which is the KP singular manifold equation in dispersionless limit. 
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It is interesting to note that equation written in the form 



Dllog (H) +D2log (g|) +D3l o g (g|). < 1S ) 




has been derived in [22] as a naive continuous limit of the discrete Mobius- 
invariant KP equation (see equation (|2U|)) in connection with the Menelaus 
theorem. It is easy to check that equation (|T3|) (or, equivalently, (|15[l) is in- 
variant under conformal transformation of dependent variable <fi — > f(4>), 
where / is an analytic function. 

The determinant form (|13j) gives some hint for the geometric interpreta- 
tion of this equation. Indeed, as it is known (see, e.g., [6U\). the area of the 
plane triangle with the coordinates of vertices given by the pairs (xi,yi), 
(^2,2/2), (^3,2/3), can be written as 

A = - |detA| , A = 

Thus equation IJ1HJ) means that area (may be complex) of corresponding 
triangle vanish, that is, obviously, the only possibility for the geometry ad- 
mitting arbitrary transformation (j) — > f(4>). 

More general generating equation for the gauge-invariant function S = 
5(^i) - S(z ) 

djkDj log(exp(A5) - 1) = (16) 

derived in |2l] (from which equation (|15|) can be easily obtained by the limit 
Z\ — > zq) can be also written in the determinant form, 

1 1 1 

det I (e 5a - l)(e Ss - 1) (e 53 - l)(e 51 - 1) (e 51 - l)(e 52 

^23 <Si3 <Sl2 

where the subscript i refers to the derivative Di. We believe it is possible to 
obtain this equation in a manner similar to the derivation of (|13j) . 



3.2 Determinant form of discrete SKP equation 

The basic idea of derivation of the determinant form (|13|) is applicable to 
the dispersionfull case too (in fact, originally we used it in the dispersionfull 
case first). This idea gives another way to obtain discrete Swartzian KP 
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equation, which was introduced in [231. Instead of equation ( |7| ). we start 
from the well-known addition formula for the KP r-function 

Cl (TaT)(T 2 T3T) + c 2 (r 2 T)(T 1 T 3 T) + c 3 (T 3 r) (TiT 2 t) = 0, (17) 

where Tj denotes a Sato shift, q are certain coefficients. 

Proposition 2 If for some function $ i/ie function 

r = T(l + 9$), (18) 

satisfies equation \17\) for arbitrary Q (i.e., formula 118\) defines a Backlund 
transformation for the r-function), then the function $ satisfies the equation 

/ 1 1 1 \ 

det (Ti$ + T 2 T 3 $) (T 2 $ + TiT 3 $) (T 3 $ + TiT 2 $) = 0. (19) 
V (Ti$)(r 2 T 3 $) (r 2 $)(T 1 T 3 $) (T 3 $)(TxT 2 $) / 

Proof Substituting (|18|) into (|17|) , we obtain a system of linear equations 

x + y + z = 0, 

(Ti$ + T 2 T 3 $):e + (T 2 $ + TiT 3 $)y + (T 3 $ + TiT 2 $)z = 0, 
(T^)(T 2 T 3 ^)x + (T^i^T^y + (T 3 $)(T x T 2 $)z = 0, 

where 

x = ci(Tir)(T 2 r 3 r), y = c 2 (T 2 t)(T 1 T 3 t), z = c 3 (T 3 t)(TiT 2 t). 

Then, from the requirement that determinant of this linear system should 
be equal to zero, we get equation l|19|). QED. 

It is easy to check that equation lfT9~jl coincides with discrete SKP equa- 
tion, introduced in j^H] in multiplicative form 

(T 2 A 1 $)(T 3 A 2 $)(T 1 A 3 $) = (T 2 A 3 $)(T 3 A 1 $)(T 1 A 2 $), (20) 

where Aj = Tj — 1 is a difference operator. 

4 Dispersionless 2DTL hierarchy 

Most of the results presented above for dispesionless KP hierarchy are valid 
after some modification for dispersionless 2DTL hierarchy. First we will 
outline the basic notations, following the work |27| . and then we will discuss 
how the main formulae are modified. 
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For the dispersionless 2DTL hierarchy the 9-data are localized on the do- 
main G which is an annulus a < \z\ < b, where a, b (a, b € H., a, b > 0; b > a) 
are arbitrary (instead of the unit disc in KP case) . To set the quasi-classical 
<9-problem (^Q) correctly, in general we do not need to require analyticity of 
the function So in G, it is enough to have analyticity of its derivative Sq z . 
A generic function So with So z analytic in G can be represented as 

oo oo 

S (t, x, y) = t log z + z a x n + z~ n y n , 

n=l n=l 

where t,x n ,y n are free parameters [23]. We assume that S(z) ~ X™^=i §^ 
as z — > oo and denote 5(0) = cp, G + = {z, \z\ > b}, G- = {z, \z\ < a}. 
Relations, characterizing the r-function F, are <j) = DF, S(zi) = —D + (z\)F 
(*i € G+), S(z 2 ) = - L>_(* 2 )F (* 2 G GL), where £>+(*) = E~ i 

Y) i 7 \ — sr^oo 1 n_d_ n _ JL 
u -\ z ) - 2^n=l n Z Qy n i U - df 

4.1 r-function for dispersionless 2DTL hierarchy 

Boundary problem for nonlinear Beltrami equation (^Q) in this case is formu- 
lated on the boundary of the annulus G, and integration in the formula |J3|) 
goes over the annulus. 

Proposition 3 The function 

F(t,x,y) = ^lJJ G Q&(t,x,y)&(t,x,y) -W-i(z,z,S z (t,x,y)ij dzAdz 

is a t -function of dispersionless 2DTL hierarchy. 

The proof is completely analogous to the KP case. 

The formula for the r-function may be also considered in a more general 
context, for arbitrary domain G. In this case it defines Fasa functional on 
the space of functions Sq(z), having the derivative So z analytic in G. The 
form of corresponding hierarchy depends on parameterization of this space 
in terms of 'times'. 

4.2 Symmetries and singular manifold equations 

Variations of the function F, preserving the hierarchy, have the same form 
as in KP case. 

Dispersionless 2DTL equations can be obtained from KP case (equations 
HU), $n$, (EH) ) by the transformations D 1 -> D+, D 2 -> D- + d t , D 3 -> d t 
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or, equivalently, D\ — > D-, D2 — > — $t, D3 — ► — <9i, connected by the 
the symmetry L> + — > D_, D_ — > D + , — > — 3t. 
Equation ()16|) for 5 takes the form 

(e D + 5 (e- et5 - 1) + e 13 - 5 (e 9t5 - 1)) D + DS 

-{e D + s - l)(e D - s - l)dt(D.. -D + + d t )S = 0. (21) 
In the order of expansion of equation (|21j) one gets 

Sxy-S x S y ^ eSt _ 1) ^_ e _ St) =0, (22) 

that is the dispersionless 2DTL singular manifold equation. 
Generating equation for conformally invariant case reads 

(d t 4,)(D + D„cj>)(d t + L>_ - D+)0 = {p+<j>)(D-<f>)dt{dt + D- — D + )<j>. (23) 

The order of expansion z+(z—) gives the conformally invariant dispersion- 
less 2DTL equation 



(24) 



Acknowledgments 



LVB was supported in part by RFBR grant 01-01-00929 and President of 
Russia grant 1716-2003; BGK was supported in part by the grant COFIN 
2000 'Sintesi'. 



References 

[1] B. A. Kuperschmidt and Yu. I. Manin, Funk. Anal. Appl. 1 11(3), 31-42 
(1977); II 17(1), 25-37 (1978). 

[2] V. E. Zakharov, Func. Anal. Priloz. 14, 89-98 (1980); Physica 3D, 
193-202 (1981). 

[3] P. D. Lax and C. D. Levermore, Commun. Pure Appl. Math., 36, 253- 
290, 571-593, 809-830 (1983). 

[4] I. M. Krichever, Func. Anal. Priloz., 22, 37-52 (1988). 

[5] Y. Kodama, Phys. Lett. 129A, 223-226 (1988); 147A, 477-482 (1990). 



10 



[6] B. A. Dubrovin and S. P. Novikov, Russian Math. Surveys, 44, 35-124 
(1989). 

[7] K. Takasaki and T. Takebe, Int. J. Mod. Phys. A, Suppl. IB, 889-922 
(1992). 

[8] I. M. Krichever, Commun. Pure Appl. Math., 47, 437-475 (1994). 

[9] N. M. Ercolani et al, eds., Singular limits of dispersive waves, Nato Adv. 
Sci. Inst. Ser. B Phys. 320, Plenum, New York (1994). 

[10] V. E. Zakharov, Dispersionless limit of integrable systems in (2+1)- 
dimensions, in [S], pp. 165-174 (1994) 

[11] K. Takasasi and T. Takebe, Rev. Math. Phys., 7, 743-808 (1995). 

[12] R. Carroll and Y. Kodama, J. Phys. A Math. Gen. 28, 6373-6387 

(1995) . 

[13] S. Jin, C. D. Levermore and D. W. McLaughlin, Comm. Pure and Appl. 
Math., 52, 613-654 (1999). 

[14] I. M. Krichever, Comm. Math. Phys., 143, 415-429 (1992). 

[15] B. A. Dubrovin, Comm. Math. Phys. 145, 195-207 (1992); B. A. 
Dubrovin, Nucl. Phys. B379, 627-289 (1992); B. A. Dubrovin and Y. 
Zhang, Comm. Math. Phys. 198, 311-361 (1998). 

[16] S. Aoyama and Y. Kodama, Commun. Math. Phys. 182, 185-219 

(1996) . 

[17] Y. Kodama, SIAM J.Appl.Math. 59, 2162-2192 (1999) 

[18] Y. Gibbons and S.P. Tsarev, Phys. Lett. 258A, 263-271 (1999). 

[19] M. Mineev-Weinstein P. B. Wiegmann and A. Zabrodin, Phys. Rev. 
Lett. 84, 5106-5109 (2000). 

[20] P. B. Wiegmann and A. Zabrodin, Commun. Math. Phys. 213, 523-538 
(2000). 

[21] M. Dunajski, L.J. Mason and P. Tod, J. Geom. Phys. 37, 63-93 (2001). 

[22] B.G. Konopelchenko, L. Martinez Alonso and O. Ragnisco, J. Phys. A: 
Math. Gen. 34, 10209-10217 (2001). 



11 



[23] B. Konopelchenko and L. Martinez Alonso, Phys. Lett. A 286, 161-166 
(2001). 

[24] B. Konopelchenko and L. Martinez Alonso, J. Math. Phys. 43(7), 3807- 
3823 (2002) 

[25] I.N. Vekua, Generalized analytic functions, Pergamon Press, Oxford 
(1962). 

[26] I.K. Kostov et al, r-function for analytic curves, in: Random matrices 
and their applications, MSRI Publications, v. 40, 1-15 (2001). 

[27] L.V. Bogdanov, B.G. Konopelchenko and L. Martinez Alonso, Teor. 
Mat. Fiz. 134(1), 46-54 (2003). 

[28] B.G. Konopelchenko and W.K. Schief, J. Phys A. 35(29), 6125-6144 
(2002) 

[29] L.V. Bogdanov and B.G. Konopelchenko, J. Math. Phys 39(9), 4683- 
4700, 4701-4728 (1998) 

[30] Hanspeter Kraft, Geometrische Methoden in der Invariantentheorie, 
Friedr. Vieweg & Sohn, Braunschweig (1984). 



12 



